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A MODIFIED BENEDICT WEBB RUBIN EQUATION OF
STATE FOR PARAHYDROGEN - II

Hans' M, “Roder and Robert D, McC'a;rty

A 32 term modified Benedlct - Webb-Rubin equation. of state has been
applied to data for parahydrogen. The adjustable parameters in the equatlon
of state were determined using 2665 points including very recent measure-
ments at low temperatures and high pressures. . The new values extend:the
range of the PVT data suff1c1ent1y to warrant a reflttlng of the equatlon of
state, Temperatures for the data range from the triple point t6 about 700
K with pressures reaching 3000 atmospheres near ambient temperatures,
The PVT data were adjusted to the Tgg scalé, -In‘addition, extensive
modifications have been made to the previously accepted PVT surface in
the region near the critical point,’ These adjustiénts have been made on

_ the basis of more recent refractive index data and the application 'of scaling
" law equatwns Detailed comparisons between expenmental and calculated
valies are given for density,~ Corresponding comparisons are made for

enthalpy and the specific heat at constant pressure,

Key words: Critical point; density; enthalpy; equation of state; hydrogen;
“index of refraction PVT' saturation properties; scaling laws;
spec1f1c heat

-1, Introduction

Almost all engineering problems requiring-thermodynamic ‘data for the cryogenic
fluids are most easily solved by using an equation of staté'to describe the PVT surface of
the gas, and to calculate values of such variables as enthalpy and- specific heat, Quite often
some modification of the Benedict-Webb-Rubin (1940) equation of state (hereafter referred
to as MBWR) is’pref'erred, b‘ecafub‘se equations of this type are relatively easy.to handle on a

computer,

Thls report describes an accurate wide=range MBWR equation of state for parahy-
drogen . The study of the equation of state was actually completed in two phases The first
phase was sponsored by:the NASA-Lewis Research Center (P,O, C-32369-.C) and is ‘
summarized in a report by McCarty (1974), Thé earlier work gives a review of the adjust-
ments made to achieve the International Practical Tempe'raturé‘j Scale, T..6'8'7 ‘as defined in
Metrologia (1969), Changes were made in the PVT data, in the vapor pressure curve, in the
critical parameters, and in the two phase envelope near the critical point, Discussed briefly
is the selection of the equation of state, 32 terms rather than 19, a description of the fitting
program, and the results of a preliminary fit using the data available at that time. To

provide a complete record, much of the earlier material is included into the present report,

The second, and present phase of the study is sponsored by NASA-Johnson Space

Center (P,O, T-6570C), The main thrust is that new experimental PVT measurements at

* Parahydrogen is the nuclear spin modification which is stable at low temperatures,
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low temperatures and high pressures are now available (Weber, 1975), These values extend
the range of the existing PVT data (Goodwin, et al,, 1963 and Michels, et al,, 1959a)
sufficiently to warrant a refitting of the equation of state, The refit now includes the actual
exper1mental PVT data, adjusted to the T68 scale, and calculated values of C v adjusted
from norma.l to parahydrogen, for the high temperature source (Michels, et al. , 1959b),

The representation of the PVT surface and derived thermodynamic functions is greatly
improved over previous versions, This fact is shown clearly, and for the first time by )
detailed comparisons between experimental and calculated values of density, and by

corresponding intercomparisons for enthalpy and specific heat at constant pressure, CP.
2, The Sources of Data

The major sources from which experimental or calculated values are taken originate
in the laboratories of NBS and of the University of Amsterdam, A description of these basic
references follows,  Weber, et al, (1962) measured vapor pressures, Roder, et al, (1963)
present critical parameters and densities along the two phase envelope, The bulk of the
PVT data is given in Goodwin, et al, (1963), while experimental heat capacity data is found
in the papers of Younglove and Diller (1962a, b), These papers cover Pressures from 0 to
340”,atmospheres with temperatures from-the triple point to 100 K, and they are smoothed
and:,;icombined to yield calculated thermodynamic functions by Roder, et al, (1965), The very
recent measurements by Weber (1975) extend coverage to Pressures up to 800 atmospheres
with temperatures up to 300 K, The second extensive set of PVT data is presented by
Michels, et al, (1959a), and these value s are used to calculate thermodynamic properties in

Michels, et al, (1959b),

A number of other references on hydrogen exist, see for example the survey by
Woolley, et al, (1948), We have omitted these sets of data because they do not cover a’
large range of pressure and temperature, because the various sets are mutually inconsis-
tent, and because the experimental errors are estimated to be larger than the sources
chosen, Indirectly these sources are included because they were used by McCarty and
Weber (1972) in deriving parameters for the 17 term equation of state described in that
paper. We use 40 points generated from that equation in the fitting of the present equation.
These generated points insure that the present equation is not subject to undue oscillations

for temperatures from 423 to 2200 K with Pressures up to 680 atmospheres,

The input to the fitting program, the "data' is taken from these sources as shown in
table 1, It is clear from the table that in addition to using PVT data the fitting procedure
uses higher order thermodynamic data such as CV and the Gibbs constraint, in other words

the technique of simultaneous or multiproperty fitting,

" Normal hydrogen is the equilibrium mixture at room temperature, 75% ortho, 25% para,
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Table 1, Data Used to Determine the Parameters of the Equation of State

Type of data | number of points " ‘gource | .7 comments
PVT 1218 .| Goodwin, et al, . {1963)
377 v Weber L .. (1975) ; L :
18 Roder, et,al, .. .. (1965) |extrapolated beyond the
’ h ‘ ’ melting line
482 Michels, et al, (1959a) -
40 . " ['McCarty and Weber (1972) |calculated, temperatures
. . \ e .above 423 K st o
38 . Roder, etal, (1963), | saturated liquid, saturated
’ vapor aqusted by McCa.rty
: , Jasrd)
c, 163 Younglove and: Diller (1962)
15 . | Roderyetal, - (1965) ] calculated values
295:. - | Michels, etal, (1959b) ‘calculated values
Gibbs ; : ‘ e el . e o
constraint | 19 Roder, et al, (1965) saturated liquid -.saturated
' S ' vapor
- Total Points: _ 2665

;. 3. Adjustment and Modification of the Data..-

s

Adjustment of the raw data was necessary for two reasons, : First, international

agréement on a practical low temperature scale which :'i‘s very close to the thermodynamic

scale was reached in 1‘968 (T68 Metrologia 196§)' Second, an index 6f refraction experiment
by Diller (1968) mdlcated that the def1n1t1on of the PVT_ surface glven by Roder, et al, (1965)
is in error as much as 7% in dens1ty in the reglon near the critical pomt The fz;ct that the
two-phase envelope might be in error was pointed out as early as 1963,[see for éxa_mple
figure 4 m Roder,‘ et al, ‘(1963)], through a.na.iysis’ of errors in the ir}terséction temperatures

of isochores - experimental runs - and the vapor pressure curve,

As a result, MqCarty (1974) made adjustments in both temperature scale and density
in the region near the critical point, The changes are most noticeable in the critical
parameters, the vapor pressure curve, and the saturated liquid and vapor densities, The
sequence adopted was to first find values for the densities of saturated liquid and vapor
from the index of refraction experiment; next to estimate new critical parameters from
these densities using values close to the critical point and a mathematical representation
based on the scaling laws, The results were checked by looking at the rectilinear
diameter. Finally, the newly defined saturation boundaries near the critical point and
densities at lower temperatures were represented with empirical equations which include

scaling law terms, PVT values generated from these equations were finally used as ''data'
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for the equation of state, see line 6, table 1,
3.1 Temperature Scale Changes

The NBS 55 temperature scale was used to determine the PVT data of Goodwin,
et al, (1963), the heat capacity data of Younglove and Diller (1962a, b), and the PVT data
of Weber (1975), For these references the'conversion of the experimental temperatures to

the T scale was straightforward,

68
\ Conversgion of the temperature scale used by the University of Amsterdam is based
on a similar adjustment made for the PVT data of Argon (see Gosman, et a.l.,‘ 1969), The
assumption is made that the same thermometer and scale was used for hydrogen as was
used for argon, The temperatures given by Michels, et al, (1959a, b) and the ones chosen
for the present fitting are contrasted in table 2, Two bits of evidence indicate that the
assignment of temperatures for this set of data are reasonable, First, the authors'
experimental temperature scale (Levelt-Sengers, 1966) included a calibration point at the
temd;‘)erature of sublimating COZ" Thus the experimental temperature scale except for the
thre.‘,,e lowest and for the very highest temperatures is remarkably close to the T68 s’cale
as gybsequ,e_ntly defined., This is of course exactly what the authors were trying to achieve;

. to make the measurements as nearly on the thermodynamic scale as possible, Second, a

Table 2, Temperatures Assigned to the PVT Data of Michels, et al,

Reference, °C T68’ K this paper Reference, °C T68’ K this paper

-175 98,1835 - 25 248,147

~-170 103,1835 0 273,15

~-160 113,173 25 298,142

-150 123,1625 50 323..140

-135 138,1585 75 348,143

-120 153, 161 100 373,15

-100 ' 173,166 125 398, 1595

- 75 198,165 150 423,170

- 50 223, 15.55

separate analysis also indicated that the temperatures shown in table 2 are the most likely
set, The analysis consisted of fitting a surface to this set of PVT data, first with the
temperatures adjusted from IPTS 48 to T68’ and then by assuming that the temperatures
were measured on a local scale (Levelt-Sengers, 1966) with subsequent corrections to

IPTS 48 and then to T68' A comparison of the sum of the residuals of the two fittings favors

the second procedure,




3,2 AdJustment of Saturated L1qu1d and Vapor PVT
Near the Critical Point

In add1t1on to the tempera.ture scale change, an adjustment was made in densities
on the basis of an index of refraction experiment by Diller (1968), Diller measured the
index of refraction, temperature, and pressure. He obtained dens1t1es from the PVT
surface defined by Roder, et al, (1965) which on the satura.tmn boundar1es is 1dent1ca1 to
Roder, et al. (1963), The salient graph from Diller's paper is reproduced in figure 1, .'
where it is seen that the saturation bounciaries’ fali‘ on two separate legs which do not meet
at the critical density, The Lorentz-Lorenz function of the saturation boundaries should
have the same general shape as do the isotherms,” In’ particular, for temperatures between
28 X and critical the two-phase envelope should be very close to the 35 K isotherm. The
two legs of two-phase envelope are ascribed to incortect 'dengities in the critical region;

More precisely,.as indicated earlier, the ‘errors stern from the intersection tem}l)e‘r'a;fureS‘

of experimental runs and the vapor pressure curve, which near the critical point are nearly

co-linear,
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Figure 1. The Lorentz- Lorenz Function for Hydrogen

To adjust the saturation densities in the critical region the function
N
p = A nK-l’ (1)
K=1

was fit to the 35 K isotherm, where p 1is density in g/cm” and n is the index of refraction,
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Equation (1) was fit to 24 experimental index of refraction points with densities ranéing
from 0,003969 to 0,078833 g/cm3, It is important that the data not be "overfit," Since
statistical significance of the coefficients to eq (1) was lost when more than 4 terms were
used the 4 term equation was chosen, The coefficients obtained for eq (1) are given in

table 3,

Table 3, Least Squares Estimates of the Coefficients for Equation (1)

A, = -1,0880215243
A, = 1,8280271481
A, = -1,0378774469
A, = 0,29788205862

The measured index of refraction along the saturated ligquid and vapor was then used
to calculate the adjusted densities using eq (1), ’.g‘he densities given by Roder, et al. (1963)

and the adjusted densities are contrasted in table 4,

Table 4, Adjusted Saturation Densities Near the Critical Point

Temp, K Density of Liguid,g/cma Density of Vapor,g/cm®
g Index of Roder et al.l‘. ‘ ‘Index of - Roder et al,

NBS-55.. " 68 |Refraction (1963) Eq (1) Refraction (1963) . Eq (1)
28.0 “gl‘28.0071 1.092881 . 058966 . 058998 1,011312 .007298 . 007299
29.0 29,0073 1.089174 . 056646 . 056674 1.013767 .008887 . 008876
30.0 .30.0076 1.084824 .053930 . 053944 1.016892 .010882 . 010881
31.0 31.0080 1.079479 . 050589 . 050586 1.021040 .013541 .013539
31.6 31,6082 1.075401 . 048057 . 048021 »
32.0 32.0084 1.072075 . 045993 . 045927 1.027273 . 017498 .017525
32.4 32.4086 1.067671 . 043320 . 043152 1.031177 . 019934 . 020017
32.7 32.7088 1.062766 . 040412 . 040057 1.035711 . 022664 . 022906
32.9  32.9089 1.055690 .036941 . 035586 1.042271 . 025490 . 027074

3.3 Estimation of Critical Density and Temperature

Extrapolation of the rectilinear diameter yields the best estimate for the critical
density, A plot of (pl + pg)/Z against temperature, as shown in figure 2, limits the critical
3
density to a value between 0,03122 and 0,03142 g/cm”, The value of the critical density is

seen to depend only slightly on temperature, Therefore, the next step is to extrapolate the

rectilinear diameter numerically,

To achieve this the equation given in the next section, eq (5) which describes the

saturation boundaries is used. The equation is truncated to 4 terms resulting in

B 1l -
pg +P, = ch + (Glg + GM) (AT)” + (ng + GM) (AT) + (G3g + G%) (AT), (2)
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Figure 2, The Rectilinear Diameter for Pfa"rahyd:ogve‘n’

where AT = _(»TC - T)/Tc.' Note that the exponents of the last two térms are 1. and 1
rather than ‘1 and 4/3, GL@‘ is'usually assumed to be equal to --G'lg and the second term
of eq (2) vanishes, There is some doubt about the validity of this assumption, but in this
particular case at least, the a.ssurnptmn cannot be disproved on the basis of the available
data, Thus the problem of est1mat1ng B is ellmmated A least squares fit of the e1ght
pairs of liquid-vapor data in table 4 resulted in a critical density of 0, 03136 g/cm for
values of o = 0,1 and Tc =.32,933 K, :The fit was repeated several times with values of

@ and TC ranging from « =0,1 to @ = 0,25 and TC =32,938 to TC = 32,95, The

resulting estimates of pc did not vary significantly (i.e., maximum variation was less

than + . 00001 g/cm>).

The next ééep is to estimate the critical temperature, In this case eq (5) is
truncated to two terms, that is to the terms originating from the scaling laws, The

resulting equation, eq (3),

_ . B ’
Peat = Pc ™ G1 (AT) ‘ (3)

is obviously valid only for densities very close to critical, With some trial and error

7
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temperatures between 31,9 and 32, 8 were found to be applicable, A value for P is at
hand, a value for T can be estlmated from the equation if pa1rs of P sat and T at 2Te
available, Since very few of the exper1menta1 densities are at temperatures between 31,9
and 32,8 K, a parametric interpolation function for n was used to provide the necessary

input-to eq (1), The function

r

n = r +r AT)3, (4)

1 2 (
was fit to the index of refraction data of the saturation boundary (liquid and vapor) between
28 and 32,9 K. Ineq (4) n is the index of refraction, and AT = (Tc - T)/Tc. The

coefficients used in eq (4) are given in table 5, By combining equations (4) and (1) densities

could be calculated

Table 5, Coefficients for equation (4)

r, = 1,0509586594

Tc = 32,93313976

r, = 0.091463402563

r, = 0.41043983745 .

every 0 1 XK between 31,9 and 32 8 K. The data so interpolated were finally used in a fit of
eq (3) w1th p = 0,03136 g/cm , establishing the critical temperature T as 32,938 K,

and also B = 0,3483, B., = 0,3478,
gas liquid

The values of the B's are quite close to the 0, 35 predicted by the scaling laws,
The value of the critical temperature is virtually the same as that calculated previously by

Weber from index of refraction data (unpublished but cited by Goodwin, 1970, page 226),
3.4 Revised Saturation Boundary Equations

The equation used to represent the saturation boundaries is based in part on the

scaling laws but is otherwise empirical, The equation is

8
N B [1+ (1-1)/3]
Pgar = P+ Gy (AT) +Z G(1+1) (AT)

c (5)
I=1

using the values esté.blished in the previous section for Tc’ pc and the betas,eq (5) is
used to represent the saturation boundaries., Input for the fitting are the saturated liquid
and vapor values of Roder, et al, (1963) with temperatures adjusted to the T68 scale,
except that for temperatures of 28 K and above the adjusted densities given in table 4 are
used, and that for the vapor a few generated values were added to balance numbers between
liquid and vapor. The coefficients for eq {5) are given in table 6, Table 7 gives the

deviations between calculated and input densities,

8
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Table 6, Coefficients for Equation (5)

Vapor © Liguid
o, 003136 g/em® 0,0313 g/cm®
0.3483 . 0.3479
Gy -0.047501571529 0.048645813003
Gs  3.4871213005x1072 | -3.4779278186x10°
Gs . -4.122129d9z5gi¢'iff‘  4.0776538192x1071
Ge  1.5666598550 -1.1719787304
Gs  -2.8061427339 1.62139244
 Ge . 27005455626 -1.1531096683
G -1.3074773595 . . o£§3825492639 o
Ge  0.22921285922 - = 0.0

‘

3,5 Revised Vapor Pressure Equation‘

The vapor pressure data of Weber et aly (1962) was converted to the - T68 scale and‘,

refit to the nonanalytlcal vapor pre ssure equatmn of Goodwm (1969) That equetlon is
n (P/Pt) = le + nga + Bax-" +B,X (1-x)Bs | (4

where X = (I-T /T)/(l-T /T ), T is in kelving, The coefficients to eq (6) are given in
table 8. The two data points given by Weber; et al, (1962) for T = 22 and 23 K were '

omitted from the f1t because their inclusion sermusly degra.ded the representatlon of the

Table 8. Coeff1c1ents for equatmn (6)

T, = 13,8K B, = 2,80810925813
T, = 32,938K B3 = -0.655461216567
P, = 0,0695atm B, = 1.59514439374
B, = 3,05300134164 B, = 1.5814454428

rest of the data, The T68. -triple point temperature of hydrogen, 13,81 K, could not be
used because it also degraded the fit, Similarly the boiling point of parahydrogen could not
be constrained to the T68 value of 20,280 K, but is rather 20, 277 K, Since Goodwin's
equation is sensitive to the values chosen at the triple point and has been sucessfully used .
to force thermodynamic consistency for several other gases, we interpret the departure

at the triple point and at the normal boiling point to indicate some remaining low level

inconsistency in the defined temperature scale, Table 9 gives the vapor pressures

T68'
from Weber, et al, (1962), the adjusted temperatures, and the deviations between the
experimental and calculated data points, The critical pressure is obtained by inserting the

critical temperature into eq (6),
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Table 9. Vapor Pressures and Deviations
Pressure,atm T K Pressure,atrﬁ Percent
Experimental 68’ ' Eq: (6) ’ "~ Diff.
1.6124. . :22.0088 1.6143 -0.12%
2.0688 23.0086 . 2.0712. v -0.11%
1.0000 - © 20,2770 - 1.0000 -0.00
3.2462 | 25.0078. S 3.2469° : -0.02
3.9826 26.0073 N 3.9822 oo . 0.01
4.8285 ¢ 27.0071 4.8275 0.02
5.7920 28.0071 5.7918 " - © 0,00
6.8863 29.0073 ‘ 6.8847 c. 0,02
8.1162 © . 30,0076 . 8.1169. -0.01 .
8.1169. ... 30,0076 S L 78,1169 20400 =
8.1171 30.0076 ‘ 8.1169 .. 0.00
8.7873 ‘ 30.5078 8.7891 -0.02 =
8,7885 .. .. . -30.,5078 - S 08,7891 -0.01 P
8.7886 30.5078 .. .8.7891 : -0.01
9.5029 . ' ‘31,0080 9.5010 0.02 ;
9.5023. . . 31,0080 S 9.5010 ' 0.01 :
9.5005 31.0080 .. .9.5010 . -0.01 B
9.5003 31.0080 B -~ 19,5010 -0.01
10.2525 , 31.5082 , 10.2546 . : -0.02
10.2535 31.5082 110.2546 -0.01
10,2539 31.5082. £ 10,2546 ‘ -0.01
11.0502 . 32.0084 _ 11.0528 L =0.02 s
11,0516 32.0084 11.0528 ‘ -0.01 o =
11.0522 . . 32,0084 - - 5l 11,0528 : -0.01 B
11.8988 32,5087 11,8992 .. .. =0.00 o ‘ ]
11.8976 . 32.5087 11.8992 . -0.01 3
11.8989 32,5087 " 11,8992 20.00 ..
12.0749 32.6087 12.0748 ‘ 0.00
12,0742 32,6087 12,0748 -0.00
12.0751 32.6087 12,0748 0.00
12.2526 32.7088 12,2527 - . -0,00
12.2520 32.7088 12.2527 -0.01
12.2536 32.7088 12.2527 0.01 B
12.4326 : 32.8089 ; . 12.4330 - -0.00 '
12,4330 32.8089 12,4330 -+ 0.00
12.4352. 32.8089 12,4330 0.02
12.6168 32.9089 _ 12,6160 0.01
12.6187 32,9089 12,6160 0.02
12.6183 32.9089 : : 12.6160 < 0.02
0.0778 13.9977 . 0.0778 : -0.03
0.1327 15.0020 0.1327 0.01
0.2129 16.0051 0.2129 0.01
0.3250 17,0071 0.3250 0.01
0.4759 : 18.0084 0.4759 -0.00
0.6726 19.0088 0.6727 -0.00
0.9228 20.0090 0.9229 -0.02 L
0.0695 13,8000 0.0695 -0.00 «
32.9380 12.6698%x%
% Points omitted from the least squares fit,
*% Critical pressure ]
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4. The Equation of State for Hydrogen

Since the major modification of the Benedict-Webb-Rugin (1940) equation of state by
Strobridge (1962), there have been many more, Each author claims his particular
mod1f1cat10n to be the best of several he has tried for the particular fluid being correlated,
In some cases a given form was chosen because it worked well for a number of fluids,
Severa.l of the MBWR's have been applied to hydrogen, Strobridge's equation (16 terms)
was applied by Roder and Goodwin (1961) to parahydrogen, It was found that two sets of
coefficients, one for liquid and one for gas, were required to reproduce the experimental
PV‘I.':“surface. In 1967 (see Roder, et al, s 1972) a 17 term equation was applied to values
abové 50 K, thus omitting the two-phaée region entirely, In this fit major discrepancies
remained at the junction of the two sets of experimental data near 100 K, and in addition the
enthalpies around ambient temperatures showed statistically significant deviations, A
subsequent refit of this equation by McCarty and Weber (1972) included values of C in the
data set, While the enthalp1es near 300 K were improved the departures in PVT at 100 K
remaélrled substantial (see f1gure 4h this report, the line labelled TN 617).

- In phase I of this work McCarty (1974) studied both the 19 term version by
‘Bender (1970) and the 32 term version by Jacobsen (1972)., He selected the 32 term equatlon
as bemg superior, and that equation of state is used here, Actually, if the term PRT ig
counted there are 33 terms, and if the coefficient of the exponential term vy is counted there
are 33 parameters, The equation of state is:
P = pRT+p® (N T+ NgTY2 4 N, + N, /T + Ng /T?)
. ® (NgT+ N, + Ng /T + Ng/T?)

+p* MNyoT+ Nyy + Nyg/T)+ pg (Nya)

+0% (Ny o /T + Ny g /T?) + p7 (N, /T)

+P% (Nyp /T + Nya/T?) + p° (Nyg /T?)

+p% (N3o/T? + Ny, /T?) exp (-yp?) (7N

+P° (Nag /T? + Nyu /T*) exp (-yp?)

+ 07 (Nay/T? + Nag /T?) exp (-yp?)

+p% (Nag /T? + Ny /T*) exp (-yp?)

+ Pt (Npg /T + Nyg /T2) exp (-yp?)

+ 0% (N3 o /T? + Ngy /T® + Npg /T*) exp (-vp?)

The coefficients for the equation of state were estimated from a least squares fit using the
data set indicated in table 1 with ¢ in moles/liter, P in atmospheres, and T in kelvins,

For these units the values of R and v are given below.
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Table 10, Coefficients for the Equation of State (7)
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= 0,082056164,atm/mol, K,
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Several comments on the final fit of the equation of state are appropriate, Theé critical =~

s P=15,556 moles per liter, =

P /ap?

point was cohstraihéd to the value P =12,670 atm

The thermodynamic conditions

=0,

=32

32,938 K and the derivatives to d3P/dp.

T =

for phase equilibrium for the coexisting liquid and vapor ﬁhaqes have been ihc_:lude\d;s_’dat\a _

in the least squares estimating procedure. The fitting of the equation of state was attempted

with several combinations of the available data, Representation of the data improved in

steps as the data set was changed, Initialljr we added Weber’s (1975) new measurements,

Next, we replaced all but 40 pointé of the dabta géherated from the PVT surface of McCarty

and Weber (1972) with the experimental PVT data of Michels, et al, (1959a), A significant

improvement occurred when we added the calculated values of C

g the saturated

v Py Michels, et al, (1959b),

s of Ckalon

v
oth locations the

A final improvement resulted when we added 15 calculated value

vapor line, and 18 generated PVT points near the melting curve, Inb

definition of Cp was improved considerably,
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5, The Properties Deck

The "properties deck! is a collection of subroutines and functions de signed to return
a wide variety of state variables, thermodynamic properties and derivatives, A'listing of
the deck is given in appendix A, a test program and sample results in appendix B, For the

£

user we classify the programs into initialization, basic programs, and second level
programs. ‘

’ Initialization, The first step ina using program would be to call the data subroutine
DA’ifAPHZ. This routine is normally called only once to set the coefficients of the equation
of state, the vapor pressure curve, etc. It will be evident from the program listings given
in appendix A that an index N can be associated with this routine and certain of the ideal
gas functions, N identifies the species of hydrogen under consideration, and for the
purposes of this report is always assumed to be = 1, i.e,, we are considering only

parahydrogen,

Basic programs, In most problems two of the varlables in the set of pressure-

dens1ty ~-temperature are known, and the requirement is to find the third variable, Accord.

1ngly the three possibilities are

1) ... density and temperature known, fiﬁfi pressure ~ subroutine PRESS(FPR, D, T),
2) ., pressure and temperature known, find density - function FINDD(P,T), and
3) Pressure and density known, find temperature - function FINDT(P, D)

Since the equation of state is explicit in pressure the subroutine PRESS is straightforward,
However, both FINDD and FINDT have to be based on an iterative solution of the equation of

state using some initial guess and appropriate derivatives of the PVT surface,

Second level programs, The common denominator for the second level programs is

that they require as input some combination of pressure, density, -and tefnperafure. More
often than not a basic program has to be called before a second level program can be used,
All of the remaining subroutines and functions are included in this grouping, that is all

phase boundaries, all derivatives and integrals of the equation of state, all thermodynamic

functions, and all other properties such as transport properties or dielectric constant,

Flow chart and table of programs, The schematic flow chart, figure 3, presents

the logic a user has to apply to any given problem, Approximately 30 programs combining

about 50 possible entry points comprise the spagetti bowl which is loosely labelled
croperties deck," Each of the entry points corresponds to a single result, answer, output,

properry raurned, These 50 or so possible end points are shown in table 11, which is

arranged according to the input these programs require, It is evident from table 11 that

density is the input most often required.

One peculiarity in the structure of the properties deck should be noted, The sub-
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Initialization Required?

Yes
CQ” ll‘kld.x> N .
L Entries are ophonal
DATA PH2 _ Indlcuu Hz Spocln
— Notc;
— N=1, i.e.
' Determine . Parahydrogen

‘ Proporhes chwrod

Deiormlno o
" INPUT- Noedod

"~ for this report

INPUT

Call
2nd Level
Programs

]

Subroutines

Réquired

Result
Property Desired

OUTPUT

Bosi§ Properties

_Basic Programs

Yes

t:Pre‘ssure Dohsit* = Temperature
S R  § 1 '
PRESS FINDD | | FINDT
Y Y
2nd
N Y
2 Level Properties L

Wanted

Figure 3. Schematic Flow Chart for Properties Deck
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routine PROPS is a multipie entry routine designed to reduce tne number of operations
involving the coefficients and terms of the equation of state, Included in closed form are
derivatives and integrals of the equation of state which are required to obtain enthalpy and

entropy.
6. Discussion, Intercomparisons and Errors

Hydrogen may be the first, and perhaps the only case where we can determine, ;vith
reasonable assurance, what the errors in the PVT surface and in the derived properties
actually are, This fortunate circumstance arises because for hydrogen there is a wealth
of data available which can be used both as input to the equation of state and to check the
quality of the MBWR, We show the results of extensive comparisons in two different Ways.
The first set of graphs might be called ""standard, " because it is the conventional way of
plotting density deviations for a set of selected isotherms, The second set of graphs gives
an overview of density, enthalpy, and Cp errors in the P-T plane, In the last part of this

section we look at the MBWR extrapolation to high densities,
6.1 Density Deviations Along Isotherms

o Density deviations are plotted in 16 segments of figure 4 for isotherms of 26, 33,
60, 98/100 150/153, 198/200, 298/300 and 423 K, The deviations, expressed in percent,
are the differences between values predicted by the MBWR on the one hand and the PVT data
of Goodwin, et al, (1963), Weber (1975), and Michels, et al, (1959a) and one prior corre-
lation by McCarty and Weber (NBS Technical Note 617, 1972) on the other hand, In these
graphs the 32 term MBWR is the zero or reference line, and the departures for each
isotherm are plotted against both pressure and density, Onme of the reasons for plotting
against both variables is evident for the 26 K isotherm, figure 4a and 4b. The plot against
pressure is continuous, the plot against density shows both vapor and liquid segments of
the isotherm. Figure 4 illustrates that the differences between the data of Goodwin and the
correlation of TN 617 —~ a polynomial smoothing of the surface - are negligible, The plot
against pressure in figure 4c is typical of temperatures near critical, This plot shows the
inability of an analytic equation of state, the MBWR, to accurately represent a PVT surface
near the critical point, Inthe corresponding plot 4d it is seen that these departures extend
over quite a large range in density, and also that there is some difference between the
experimental data (Goodwin, et al,, 1963) and the pPolynomial smoothing (Roder, et al.,

19€5), The lowest temperature at which we are able to intercompare all sources is

o

5 /100 K, figure 4k, We ncte that the rather sharp change between Goodwin, et al, (1963}
and Weber {1975} first seen st 60 K is also evident at 100 K. At low densities Goodwin and
Michels disagree, at higher densities the agreement between Weber and Michels is very

satisfactory, We note the large deviation of TN 617, We are forced to conclude that the 17
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term MBWR used in TN 617 does not offer sufficient flexibility to represenf an entire PVT

surface,

Of the remaining plots figure 4n is particularly interesting, The general progression

of Michels' and Weber's data is quite similar up to a density of 30 mol/1, Can the difference

be ascribed to different assumptions about the stretching of the PVT pipet? The drastic
change in Michels' data at densities above 30 mol/l is not understood, particularly in view
of figure 4p, Could the change be a one-time nonelastic stretching of the pipet? The
behavior of the 17 term MBWR (TN 617) is also of interest in figure 4n, At low densities
this surface follows Michels' data,at higher densities it switches to represent the extra-
polation isochores of Goodwin, et al, (1963), The latter can now be seen to be qualitatively

similar to the new measurements of Weber (1975),
6.2 Departures in the P-T Plane

These deviation plots involve density because density is the most basic variable

(see table 11), and enthalpy as well as CP because these are the most important properties

for the engineer, The graphs are assembled in three sets of four plots each, The three
sets should be considered together since they are interdependent, Each set is obtained by
plotting the P-T locus of successively .lé.rge'r errors of the variable under éon'sideration. |
From these sets it is quite clear that the region near the critical point'is‘v.the only area

which is, really trouble some.

The error plots for density, figure 5, are in percent without regard to sign, and
are takén directly against the two major sources of experimental data, NBS and Michels.
The average deviation in density is 0, 14%, This is slightly larger than the average

experimental uncertainty, and is about the best one could possibly.expect,

The error plots for enthalpy, figure 6, are in J/mol for the simple reason that the
enthalpy values go through zero, from about -600 to 15000 J/mol, The comparison is
between differ_ent methods of calculation, values are compared at the experimental points
of PVT, Values calculated with the 32-term equation are éompared with those calculated
by Roder, et al, {(1965), by Weber (1975) and by Michels‘, et al, (1959b), The graphs
illustrate clearly that given a density deviation there will be a corresponding departure in
enthalpy, At first sight departures of up to 30 J/mol at the higher temperatures, 300 -
423 K, are startling, A little reflection shows these errors to be almost negligible, We
recall that what is plotted are differences in enthalpy, not percent, A specific example
concerns the ideal gas value at 300 K which is about 8400 J/mol and the enthalpy value at
2200 atm and 300 K which is 11600 J/mol, Given these values a difference of 30 J/mol for
the isothermal increment of about 3200 J/mol is not severe, From figure 6 we estimate

the average enthalpy deviation to be around 3 J/mol,
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The CP plots figure 7, which are in percent, show that the departures at the higher
temperatures are negligible, just as the enthalpy departures would be had we expressed them
in percent, The effect of adding CV data along the saturated vapor line (line 8, table 1) is
to reduce departures in CP from several percent to less than 1 percent, Similarly the
adf‘:‘iition of extrapolated PVT data (line 3, table 1) improves the errors in CP near the
melting line from greater than 10 percent to 3 percent or less. In addition, an mconswtency
in_‘ﬁ. Cp noted in the earlier correlation (see isotherm 140° R, figure 5) of McCarty and
Weber (1972) is removed, From figure 7 we estimate the average departure in C_  to be

somewhat less than 3 percent,
6.3 The MBWR Extrapolated to High Densities

One of the peculiarities of the MBWR 1is that occasionally the iteration to find density
y1elds an invalid result*, The situation can be understood by considering figure 8 where an
isotherm of the MBWR is extrapolated to high densities, The range of valid PVT data is
normally somewhere to the left of the maximum in pressure, It is easy to visualize an
1terat10n using the slope (BP/BP) of the surface and an initial density of p =0 yielding é,
dens1ty to the right of the maximum in pressure, i,e,, an invalid result, A case in point
is the addition of extrapolated PVT data (line 3, table 1) mentioned in section 6.2, Adding
these 15 generated points shifts the maximum in pressure for the 23 K isotherm from
~ 380 atm to~ 1000 atm, It is the change in slope (BP/BP)T near the melting line ~ 200 to
350 atm that results in the desired change in C

The present equation of state yields only negative pressures for densities beyond
the cutoff shown in figure 8, We note that this behavior is diametrically opposed to what
one might anticipate, In general one would expect pressure to increase as the density
increases unless a phase transition is encountered, At the possible phase transitions
liquid/solid and molecular/atomic the pressure would remain constant for the associated
change in density, Several attempts to force the 32 term MBWR to return positive

pressures at very high densities have not been sucessful,

" Occasionally described as ''the equation of state blows up, "
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7. Summary

To obtain the desired equation of state 2665 points were used including very recent

measurements at low temperatures and high pressures. All PVT and C data had to be

changed to the T68 scale, a non-analytical equation was applied to the vapor pressure, and

the results of an index of refraction experiment were applied to the critical parameters and

the .two phase envelope near the critical point.. Multi- property fitting of PVT and C data and

the imposition of Gibbs phase constraints insured a substantially improved representation of

the various thermodynamic quantities,

The resulting equation of state is valid for temperatures from the triple point, 13.8 K,

to the onset of dissociation ~ 1500 K; it includes pressures gradually increasing from 700

atmospheres at the melting line to 3000 atmospheres at room temperature. In practical

terms pressures up to 12000 psia are included, and the equation can be used for temperatures

up to 5000 R if appropriate arrangement is made for dissociation.
Two characteristics of this equation of state must be kept in mind., First, the equation
is analytlc in nature, this means the critical region cannot be represented accurately.

Second, the limiting behavior at high densities does not correspond to our a priori expecta-~

tlons“ this means care has to be exercised to stay within the valid range of the equation,

The equation developed here sets a standard of what can be achieved in the fitting of
an equation of this type. The high quality of the surface, illustrated in extensive deviation
plots, is possible because ample data over a wide range of temperatures and pressures with

inherently high prectston is available as input, The PVT surface defined by the equation

needs no further num erLcal treatment unless new experimental data become available, or the

international temperature scale is redefined,
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Appendix B, Test Program and Sample Results

PROGRAM VALUES

c A SA PROGRAM TQ CHECK RUNNING AT OTHER IngrA%LhrgoNs.
¢ CALCULATES THER OFUNCTIONS OF PARA-H2 FROH THE 32 TERM HBMR.
G INPUT IS READ FROM CARDS{ P IN ATN, T IN DEG K.
¢ OUTPUTI HMEADING, UNITS. AND YALUES ARE FRINTED. HOMEVER) ONLY
G A_LIMITED NUMBER OF THE VARIABLES ARE CHECKED BY 1413 sAmPLE DECK.
g REQUIRED! ALL SUBROUTINES / FUNCTIONS LISTED IN NBSIR 75 8ic.
¢ THE PROPERTIES DECK WAS LAST REVISED ON 78/06/17
; " CALL DATAPH2
PRINT 20
20 FORMAT (82H1 P T gHO H
1 c-v - VEL/82H ATH KELVIN  MOL/L
2 J/MoL JZNOL=K  JZMOL=K  J/7MOL=-K  M/SEC/LR
D0 19 I=1,4
4 READ 55P,T
5 FORMAT(FB.3,F7.3)
DEN=FINDD(P 2 T)
H  =ENTHAL (P ,DEN,T)
Syssh i T
ERESEYDEN-T)
12 gE%§§OU§056$N6£§ HsS 4 CVEyCPE s VEL
> -
13 annnt%rioiuirizlsiFin.5191211.3F10.z.ra.o)
3 CONTINUE
END
I | RHO H s C=¥ Gep VEL
ATM KELVIN MOL /L J/MOL J/MOL=K  J/MOL=K  J/MOL-K M/SEC
1ﬁnuouw 20,00000 35.279160 -521.9 15.84 11.33 19.14 1111
1.00007  30.00000 0.420408 602,5 69,33 12.57 21.79 447
15.0000  34.00000 17.524046 631 34,59 16410 301,40 425
70.0000 25.00000 35.713628 ~289.9 17.53 12,30 19.52 1306
\
Appendix C, Conversion Factors
Temperature 1,8R=1K

Pressure

Specific Volume

Internal Energy, Enthalpy
Entropy, Specific Heat
Thermal Conductivity
Viscosity

Speed of Sound

Molecular Weight

Surface Tension

* On the C12 = 12,000 scale

14,695949 psia =1 atm = 1,01325 x 105N/m2
0.00794590 ft3/1b =1 cm3/mol
™ 3 -6 3

(1 cm™ = 0,001 liter = 10" m )
0.213405 BTU/lbrn =1 J/mol
0.118558 BTU/lme =1 J/mol-K
0.0578176 BTU/ft-hr-R = 1 mW/cm-K
0.067196897 lbm/ft-s =1 g/cm-s
3.2808 ft/s = 1 m/s
2,01594"
0.5710147 x 10”51bfﬁn =1 dyn/cm

(1 dyn = 107° N)

T

T
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